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Abstract 
The ring compression test is considered one of the most reliable ways to obtain the friction shear factor existing in a plastic 
deformation process, particularly in open die forging processes. The test is performed on a ring-shaped specimen, so that the 
whole workpiece is axisymmetric. The application of the upper bound theorem with a triangular rigid zones model was initially 
developed with regard to plane strain and symmetrical geometric configurations. In this paper, the application to the ring faces 
consider that the neutral radius that defines the reversal of the flow of the material establishes two areas of different section and 
therefore the possibility of addressing the study considering not symmetrical sections. 
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1. Introduction 
The ring compression test (RCT) is considered a reliable way to evaluate the friction existing in a process of 
plastic deformation. This type of test is valid in processes associated with an open die forge. Its contrasted 
development [1] leads to a series of results expressed in three graphs showing the friction coefficient of the inner 
diameter decreased of the ring and reducing the height of the specimen in question for each one of the three 
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canonical geometries established. These three canonical geometries facilitate different ratios between the outer and 
inner diameters and the height of the specimens under study (Table 1). 
The main objective of this paper is to show the applicability of the upper bound theorem and its variant triangular 
rigid zones in the case of of non-symmetrical parts. This approach is produced by considering the RCT from an 
empirical perspective in line with Avitzur's approach. The RCT is a known and proven test that compares favourably 
with those offered by the analytical method. 
 
      Table 1. Canonical forms in the RCT 
 
 
 
 
 
 
The peculiarity of such configurations is that they provide the possibility to contrast the results obtained from 
tests with those from other analytical procedures such as the upper bound theorem (UBT), in particular by its 
application based on the triangular rigid zone (TRZ) model [2,3]. This application of the UBT is based on the 
consideration of plane strain, something perfectly acceptable if the proportions are the canonical ones referred to 
above. 
The UBT is an analytical method of a potential high while to set the value of the load required to ensure the 
deformation of a piece in a plastic forming process with the ability to discriminate each of the energy components 
used. This can incorporate accurately the effect of both internal friction, caused by the distortion of plastic flow, and 
the existing external friction of the interface between tool and workpiece. The friction in processes in which the 
values of applied stresses are very high is mainly adhesion friction, denoted by shear factor m [4, 5]. 
The expression of UBT formulated by Prager and Hodge [6] (Eq. 1) indicates that, bearing in mind the existing 
surface discontinuities between the different rigid zones, among all possible kinematically admissible fields, the one 
that minimizes the expression: 
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This is an expression in which deformation external energy (J*) never has a higher value than that calculated 
from the above equation value. The first term expresses the energy consumed owed to the internal distortion of the 
deformation produced on the deformed body. The second term includes the energy produced by the shear 
discontinuity surfaces, including the contact area between tool and workpiece. The third term provides the energy 
consumed by any external tensile (or compressive) force that may occur in forming processes. 
The TRZ model is established on the principle of plane strain whereby the flow of the material behaves as if it 
were composed of blocks where only rigid behaviour and the displacement occurs between shear surfaces at a speed 
associated with them [7-9] (Fig. 1) (where b corresponds to the width of a module of the same height h). 
 
 
 
 
 
 
 
 
 
 
Fig. 1. TRZ Module. 
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The application of the model followed in this work corresponds to studies [2, 10] which consider a modular 
approach that establishes a basic module consisting of three TRZ. This module interacts with other existing modules 
via speeds input and output flow of deformed material, making the overall expression of Equation 1 in Equation 2: 
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UBT, usually applied in cases of symmetrical parts, or in any case with the possibility axisymmetric plane strain 
on considering the areas to be studied, usually perpendicular arrangement to the application of the yield strength. In 
the present case, the peculiar shape of the ring and the existence of a so-called neutral plane (NP), the plane 
establishing surface from which the material flows both in and out of the cylinder. This surface positions such that 
changes its position across the deformation process itself, allowing us to consider the sections studied as a particular 
case of non-symmetrical parts. 
We have studied the application of UBT to axisymmetric parts for developing a method for determining the 
centre of mass, from which the modules that calculate the dimensionless ratio p/2k (where p is the applied pressure, 
and k the shear stress of the material being studied). As shown in Figure 2 material flows plastically to the right and 
the left of the virtual vertical plane of separation of the piece, the so-called neutral plane. 
The determination of this neutral plane is given by the calculation of neutral radio by either of two alternatives. The 
first one employs the Avitzur equation [11, 12] (Equation 3) and the second is from own studies that calculate the 
centre of mass and integrate it directly into the equations with the dimensionless p/2k relationship for a particular 
deformation range (Equations 4 and 5), where p is the applied pressure on the process surfaces and k the 
characteristic shear deformation of material. In any case, the NP will move from its initial position to the right or to 
the left depending on the friction since it modifies the evolution of the resulting deformation. 
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For a non-symmetrical part, and as in the previous situation, it will be the neutral radio (NR) which determines 
the reversal in the direction of flow of the material (Figure 2) and from which we must establish the modules that 
implement the UBT. 
 
 
 
 
 
 
 
 
 
Fig. 2.  Material flow of non-symmetrical pieces on the vertical plane (Neutral Plane, NP) 
2. Methodology 
In the particular case of a ring as used in the RCT, the height of the different modular sections generated will be 
the same because the specimen geometry maintains this constant thickness. This simplifies the calculation equations. 
Moreover, the application of UBT allows for the analysis for such a section representing a quarter of the total in the 
same condition that appropriate boundary conditions (Figure 3) are determined, as is the consideration of a 
horizontal symmetry with the flow of the material in the vertical direction is limited. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.  Specimens analysed and ring section studied. Establishment of Neutral Plane (NP). 
Therefore, the approach to the study of the load on the various samples tested is to be performed by the two 
alternatives given above. In the graph shown in Figure 4 contains two families of results obtained from the two 
criteria; The p/2k xm series denote those derived from the equations that calculate the centre of mass and no 
Modular approach maintained, ie, considering all the blocks that make up the section on a global basis. The second 
series called p/2k xm M is initialized with equation for calculating  
Neutral Radio, and therefore determining the neutral position of the Neutral Plane, expressed by Avitzur [11]. 
A similarity can be seen in the evolution of the p/2k to both criteria (Figure 4). In any case, since the modular 
approach offers slightly lower values, this criterion will be used in the implementation of the UBT (in addition to 
other advantages such as ease of deployment model). This paper presents a breakthrough in the application of UBT 
under this approach. Optimize the calculation of the required load [13] from the variation of the number of modules 
configured in sections on either side of Neutral Plane. 
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Fig. 4. Results obtained for p/2k for different approaches. 
 
The acceptability of an non-symmetrical specimen to a kind of general piece, virtually no geometric constraints 
exist. In this case non-consideration of the symmetrical part allows the study of the flow of the material 
incorporating the effect of friction calculated from the RCT. 
 
3. Results and discussion 
 
A large number of cases corresponding to the three canonical relations in the RCT trials (Table 1) are listed in 
Table 2. 
        Table 2. Analysed cases 
 
 
 
 
 
 
 
 
Among the cases studied, different geometric configurations are progressively analysed, and with the same total 
width of the section under study, have been added module to module. The distortion of the modules can be greater 
or smaller in each case depending on the aspect ratio (width of the section / height of the section) (Figure 5). 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Optimization by increasing modules. 
Canonical relationship (Do:Di:h) 6:3:2 6:3:1 6:3:0.5 
Do (mm) 120 120 120 
Do (mm) 60 60 60 
Do (mm) 24 24 24 
Do (mm) 18 18 18 
Do (mm) 12 12 12 
6:3:2 Do= 24 mm
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A last column in each table (Tables 5 to 7) is included where the minimum values correspond to each of the 
alternatives (2M, two modules; 3M, three modules; 4M, four modules; 5M five modules) and comprise the 
minimum line, i.e., the optimum curve that meets the minimum values of p/2k in the overall development process. 
The values in the tables and others that have been incorporated have been processed and treated graphically as 
shown in Figs. 6 to 8 to realize the evolution and load requirements in each situation. 
 
As a result, therefore it shows alternatives of 15 different sizes of parts, retaining the ratios (and hence, the inside 
diameter and height of the rings) with outer diameters ranging from 12 to 120 mm (Tables 3 to 5 and Figs. 6 and 7). 
 
Table 3. Values of p/2k to 6: 3: 2 ratio and Do = 24 mm. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Values of p/2k:      (a) 6:3:2 relation; Do = 24 mm       (b) 6:3:0.5 relation; Do=18 mm 
 
In this case (Figure 6a), ratio 6: 3: 2 and specimens with 24 mm outer diameter (Do) is observed in any of the 
solutions proposed curve minimum (optimum) is achieved throughout the process if they are considered two 
modules , two on each side of neutral plane (NP). 
 In Figure 6b different optimal configurations such as 4M (three modules in one section) and 5M (four modules 
in the same section) for different form factors appear. 
Table 4. Values of p/2k ratio of 6: 3: 0.5 and Do = 18 mm. 
 
 
 
 
 
 
 
 
b/h P/2k 2M P/2k 3M P/2k 4M P/2k 5M P/2k min 
1.5 1.70 2.21 2.83 3.47 1.70 
1.58 1.65 2.13 2.71 3.32 1.65 
1.66 1.60 2.05 2.60 3.17 1.60 
1.74 1.56 1.97 2.48 3.03 1.56 
1.84 1.52 1.89 2.38 2.89 1.52 
1.94 1.49 1.82 2.27 2.76 1.49 
b/h P/2k 2M P/2k 3M P/2k 4M P/2k 5M P/2k min 
6 3.07 1.87 1.58 1.52 1.52 
7.69 1.91 1.55 1.52 1.57 1.52 
10.83 2.50 1.91 1.78 1.76 1.76 
16.56 3.67 2.67 2.38 2.26 2.26 
31.05 8.21 4.61 3.43 2.85 2.85 
6:3:2 Do= 24 mm
0
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6:3:0.5 Do= 18 mm
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Table 5.  p/2k results of 6: 3: 1 ratio and Do = 60 mm. 
 
 
 
 
 
 
 
 
 
The last cases presented in this paper are the 2M (1 Module section) and 3M (2 Modules section). The different 
configurations of modules provide the minimum value and therefore the optimum. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. P/2k results of  6: 3: 1 ratio and Do = 60 mm. 
4. Conclusions 
The analysis of the plastic deformation of a ring subjected to a process of forge as in the case of RCT is 
considered here and studying sections which have similar development to those on a piece with non-symmetrical 
geometry has allowed a new approach to implementing the upper bound theorem by means of a TRZ application. 
The UBT calculation method is a limit derived from analysis, calculated to achieve load deformation of the 
workpiece substantially greater than the real one. It is therefore interesting to calculate a method to optimize and get 
smaller values in the approach to real values mentioned above. The alternative proposed to achieve this optimization 
is based on various configurations of modules for the same section. 
Different cases presented show the advantage of such variation in the arrangement of modules. A curve is clearly 
established through which there is minimum on the evolution in the load to optimally achieve its value. The 
distortion to which modules are subjected depends on the form factor (b/h) and implies the minimum values of p 
from a section formed by a single module to be formed by four. 
b/h P/2k 2M P/2k 3M P/2k 4M P/2k 5M P/2k min 
3 1.37 1.42 1.67 1.95 1.37 
3.12 1.33 1.41 1.65 1.93 1.33 
3.39 1.34 1.37 1.58 1.84 1.34 
3.87 1.37 1.34 1.50 1.71 1.34 
4.05 1.38 1.33 1.47 1.67 1.33 
4.25 1.40 1.32 1.45 1.63 1.32 
4.69 1.46 1.32 1.42 1.57 1.32 
6:3:1 Do= 60 mm
0
0,5
1
1,5
2
2,5
3 3,5 4 4,5
b/h
P/
2k
P/2k 2M P/2k 3M P/2k 4M P/2k 5M
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